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Our results

First we reduce the original problem to the

problem of large deviations for random walks.

Theorem. For heavy-tailed distributions un-

der some natural conditions:

P(τ > t) ∼
EA1

1 − ρ

P(X(t) > 0)

t
.

Using large deviations results for randomwalks:

Corollary 1. For regularly varying, lognor-

mal, Weibull(β), β < 1/2,

P(τ > t) ∼
1

1 − ρ
P(B1 > (1 − ρ)t).

Corollary 2. For Weibull(β), β ∈ (1/2, 1),

P(τ > t) ∼
1

1 − ρ
exp{−((1 − ρ)t)β

+

k�

i=1

Cit
(i+1)β−i},

for certain k and constants C1, . . . , Ck.

It is also possible to find more detailed asymp-

totics P(τ ∈ (t, t + T ]), 0 < T < ∞, t → ∞,

see [3] for details.

Typical event

The case of Weibull(β), β ∈ (1/2, 1) service

times differs qualitatively from the first case.

Still this rare event is caused by some big cus-

tomer arriving at the begining of the busy pe-

riod, but now one should also take into ac-

count the influence of the ’normal’ perturba-

tions.

X(t)one big 
customer
+influence
of the perturbations 
caused by the 
Central Limit Theorem,

Heavy-tailed asymptotics

We say that ξ is heavy-tailed if Eeεξ = ∞ for

all ε > 0. In particular, the latter condition

holds for regularly varying distributions (in-

cluding Pareto) and Weibull(β) distributions

P(ξ > x) = e−xβ

with parameter β < 1.

Known asymptotics for the
busy period

De Meyer and Teugels (1980) obtain asymp-

totics for τ in the M/G/1 queue with regularly

varying service times. Zwart (2001) consid-

ered the GI/GI/1 queue with regularly vary-

ing service times. Jelenković and Momčilović

(2004), Baltrūnas, Daley and Klüppelberg (2004)

considered the GI/GI/1 queue withWeibull (β)

service times with β < 1/2. They show that

for these distributions

P(τ > t) ∼
1

1 − ρ
P(B1 > (1 − ρ)t).

Typical event

In the above case the large busy period is most

probably caused by some big customer arriv-

ing near time 0.

X(t)
one
big
customer

Approximations and
asymptotics

Very few network models can be anal-

ysed completely. In many applications,

there is a need for estimating the very

small probabilities of ’rare events’. There-

fore, there is a need for approximation

techniques and asymptotic methods. Be-

sides, this also allows to obtain qualita-

tive behaviour of the system when the

’rare event’ happens. For the case of

heavy-tailed distributions, recently ob-

tained limit theorems and asymptotic ex-

pansions for heavy-tailed queues and ran-

dom walks may be useful.

The single-server queue

Consider i.i.d. exponential interarrival

times Ai and service times Bi. Assume

that the system is stable, i.e. ρ := EB1

EA1
<

1. Denote the number of customers ar-

riving before time t by

N(t) = max{n : A1 + . . . + An ≤ t}.

The unprocessed work at time t

X(t) =

N(t)�

i=0

Bi − t.

Busy period of the M/G/1 queue

τ = inf{t : X(t) < 0}.

X(t)

busy period

Asymptotic analysis for the busy period
of the M/G/1 queue.
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